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Similar Solutions for the Laminar Mixing of Reactive Gases

AntHONY Casaccro®*
Republic Aviation Corporation, Farmingdale, N. Y.

Using the two-dimensional compressible laminar boundary-layer equations for a multi-
component gas mixture, the present analysis treats the mixing of two parallel reactive streams

under the influence of an externally induced streamwise pressure gradient. The thermo-

dynamic behavior of the gas mixture within the mixing region is specified by an empirical law
that matches the density to its exact values at different points across the shear layer. In the
analysis, it is assumed that the product of the density and viscosity is constant across the
mixing layer, being only a function of its streamwise location. In addition, the usual assump-
tions of unit Prandtl number and Lewis numbers with either frozen or equilibrium chem-
istry specifying the state and composition of the gas mixture within the mixing layer are em-
ployed. Within the framework of these assumptions, similar solutions of the governing sys-
tem of equations are obtained for various pressure gradients and velocity ratios of the two

reactive streams.

Nomenclature

constituents of reaction
specific heat of species ¢ at constant pressure
Cp = specific heat of mixture at constant pressure

)
e
Iy

It

bl = velocity ratio parameter, w/u.

g = stagnation enthalpy ratio parameter, H/H,
hs = static enthalpy of 7th species

hi® = heat of formation at absolute zero

h = static enthalpy of mixture

H = stagnation enthalpy

k = reaction rate constant

K, = equilibrium constant expressed in terms of pressure
L. = Lewis number

Pi = partial pressure

P = static pressure of mixture

P, = Prandtl number

R = density ratio parameter, p./p

® = universal gas constant

7 = static temperature

u = velocity component in z direction

» = velocity component in y direction

s = mass rate of production or disappearance of species ¢
W; = molecular weight of 7th species

w = molecular weight of mixture

x = Cartesian coordinate in flow direction

y = Cartesian coordinate normal to flow direction
zi = mass fraction ratio parameter, Y;/Y.

ai;, = number of atoms of k in species 7

8 = pressure gradient parameter

7 = transformed y coordinate

I = quantity defined by Eq. (23)

X = quantity defined by Eq. (24)

© = coefficient of viscosity

v', »'' = stoichiometric coeflicients

£ = transformed z coordinate

03 = density of ith species

p = density of mixture

Y; = mass fraction of sth species

Y = element mass fraction

¢ = stagnation enthalpy parameter defined in Eq. (24)
v = stream function

v = defined as (»"' — »")

Subscripts

e = values in upper gas stream

f = flame sheet values

Received November 20, 1963; revision received May 22,
1964. The author wishes to acknowledge the assistance of
Morris Gershinsky and Rochelle Kellman of the Mathematical
Analysis Section, Digital Computing, Republic Aviation Corpora-
tion.

* Head, Gas Dynamics Group, Advanced Aircraft and Vehicle
Division. Member ATAA,

the 7th species

values in lower gas stream
elements comprising the species
a particular reaction

values at y = 0

O S W,
I

(Il

Introduction

N order to properly assess the performance capabilities of
advanced air-breathing vehicles utilizing supersonic
combustion, it is necessary to accurately describe the aero-
thermochemical aspects of the gas flow within the com-
bustor. The usual approach to the supersonic combustion
problem has been to consider the detonation of premixed fuel
and oxidizer as the chemical energy releasing mechanism.
It recently has been proposed by Ferri,! however, that the
use of diffusion or deflagration flames in supersonic combustion
exhibits several advantages over the detonation mode of
burning usually considered. In this type of burning scheme,
the diffusion flames are controlled by the mixing of the in-
jected fuel with the oxidizer, while additional thrust is de-
rived from the injected fuel, without encountering the usual
total head losses inherent in the detonation mode of burning.
The analysis of the diffusion or deflagration mode of burn-
ing is complicated by the simultaneous occurrence of fuel-
oxidizer mixing and chemical reactions that produce large
heat release, causing large changes in density and pressure.
An analytical treatment of the complete process would re-
quire a very complex and cumbersome numerical solution of
the viscous flow equations, which may themselves prove to
be inadequate to describe properly the processes that oceur.
As a result, it is necessary to introduce certain simplifying
assumptions so that an approximate solution to the problem
may be accomplished in an attempt to gain some insight into
the mechanics of the complete problem. The usual ap-
proaches toward siroplifying the problem are either 1) to as-
sume simple chemistry, emphasizing an accurate description
of the mixing process or 2) to assume constant pressure mixing,
emphasizing a more sophisticated chemical model.
Analytical treatment of laminar mixing problems involving
finite reaction rates have been presented by Marble and
Adamson,? Dooley,® and Bloom and Steiger.? Recently,
Libby and Schetz® have treated the laminar wall-slot injec-
tion problem for the limiting cases of frozen and equilibrium
flow by utilizing the modified Oseen method of Lewis and
Carrier.t Similar studies of the turbulent mixing of reactive
gases have been presented by Libby” for the axisymmetric
constant pressure mixing of the hydrogen-air combustion
system and by Vasiliu® for the two-dimensional mixing of a
rocket exhausting into an ambient stream. In Ref. 9, simi-
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lar solutions were obtained for the turbulent mixing of two
reactive gases under the influence of a streamwise pressure
gradient. The analysis presented is valid for either frozen
or equilibrium chemistry.

In the present analysis, the laminar-mixing of two reactive
gases subjected to a streamwise pressure gradient is con-
sidered. The standard boundary-layer equations are utilized
to express the viscous behavior of the gas mixture within the
mixing region with transport properties selected to correspond
to unit values of Prandtl number and Lewis numbers. In
addition, the usual assumption is made regarding the be-
havior of the product of density and viscosity across the
viscous layer, namely, that the product of these two gas
properties is constant across the layer. By utilizing an
empirical relation for the thermodynamic behavior of the gas
mixture within the mixing layer, similar solutions of the gov-
erning equations are obtained for either frozen or equilibrinm
flow within the mixing region.

Consideration of a streamwise pressure gradient imposes
a restriction on the solution because of the boundary-layer
approximations inherent in the basic equations used in the
analysis. The severity of this condition is enhanced when
similar solutions are desired, since the assumption of similar-
ity imposes certain requirements on the nature of the external
gas stream. A study of this restriction for the perfect gas
case has been made by Napolitano.?

A schematic representation of the flow model considered
in this analysis is shown in Fig. 1.

Governing Equations

The basic equations used to describe the steady com-
pressible laminar motion of the gas mixture within the mixing
region are the usual laminar boundary-layer equations de-
rived for a multicomponent reacting gas. The validity of
these equations to describe properly the process occurring in
the mixing layer depends on the assumption that all reaction-
induced gradients in the lateral direction be much larger than
those in the streamwise direction. Since the gradients nor-
mal to a laminar flame front or reaction zone are quite large,
it must be required that the angle between the flame front
and the axis of mixing be small if the boundary-layer ap-
proximations are to be valid throughout the mixing layver.

The most general form of the laminar boundary-layer
equations for a reacting gas mixture involving s species are:

Global Conservation of Mass

Opu , Opv
Conservation of Momentum
ou ou op o] ou
pua—x+pv-a—y— - 5E+ay <n0y> 2

Conservation of Energy

OH OH  d [ w oH 1\ 2 [w?
p“BE“Lp”ay_ay[PrayJ”‘(l Pr>ay<§>+
B ~ g, oY
AP by] @)

Conservation of Species

QY aYi_ o] 14 oY .
P Ty _ay<P,L" ay>+w‘
G=1,2...,8 @
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Each species of the gas mixture is assumed to behave in
accordance with the perfect gas equation of state, i.e.,

pi = pi(R/W)T (5)
where
s Y ®R
s = p = p® =T =p—=
iZ:jlp p=p ?:‘IWiT pWT (6)
The static enthalpy of the gas mixture is given by
s s T
h = El Vih = 3 7 [ fo epdT + hio] @)

whereas the total enthalpy is expressed as

H =h+ (u/2) (8
and the frozen specific heat of the mixture as
s ) s dh;

Cp = 1221 Yiep, = 12:21 Y; ar 9

The conservation of species equations can be written in an
alternate form by considering the element mass fractions to-
gether with the species mass fractions.!’ For any chemical
reaction or system of chemical reactions, the number of moles
of each element comprising the constituents of the mixture
must be conserved. As a result, the element mass fractions
for a system of s species and ¢ elements are given by

o s W

= ik o Vi k=1,2,...,

Ve E ok - ( e) (10
In addition, since the time rate of change of the element mass
fractions is zero, the mass rates of each species in the system

are related in accordance with

8

Wy
Zaikﬁizo (k=1,2,...,6) (11)

1=

Equations (10) and (11) are the results of classical chemical
kinetics where the chemical system is considered to be in a
stationary-isothermal condition with the state and composi-
tion of the gas mixture taken as homogeneous throughout the
system. The applicability of these relationships to a flowing
nonhomogeneous system is justified provided the state and
composition of the mixture do not vary appreciably within
a characteristic length associated with the chemical reaction
times. The intensive variables (pressure, temperature, ete.)
describing the thermochemical state of the flowing system are
functions of time and position. Consequently, it is necessary
to replace the simple time derivatives of classical kineties
by substantial derivatives following a fluid element. Con-
sistent with this assumed chemical flow model, it is possible
to replace the conservation of species equations of (4) by
oY, oY, <M aﬁ)

P TP o\ ey
k=1,2,...,¢ (12)
oY; oY; o [pu oY .
{ = ~_ - Le %
-y v oy oy <P, Ay ) T

G=1,2...5—¢ (13)

When the volume recombination rates are considered very
slow compared to the diffusion rates across streamlines
(frozen flow), w; is identically zero, and only Egs. (13) need
be considered for each of the species of the chemical system.
When the reaction rates are regarded as very fast in com-
parison to the convection rates along streamlines or the rates
of diffusion across streamlines (equilibrium flow), the exist-
ence of finite, nonzero values of w; complicates the conserva-
tion of species equations (12) and (13). It is possible in this
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case, however, to replace Eq. (13) by the equations governing
the equilibrium constants of the chemical system. Since
the maximum number of independent equilibrium reactions
is (s — e), there exist (s — ¢) equilibrium constants of the
formt

s

2 rip 8 Y, \it
Ky = K = oWt T (3
=1 i

i=12...

,8—e)  (14)
for each of the (s—e) independent reactions represented by
2 ’ k& ”
Z Vig A¢—> Z Vip Ai
i=1 i=1
Consequently, the equilibrium properties of a flowing system

can be determined by considering Egs. (12) and (14) in place
of Eq. (4).

=12 ...,se (15)

Analysis

The basic system of partial differential equations governing
the laminar motion of the gas mixture within the mixing
region can be transformed to ordinary differential equations
provided a natural coordinate system (£, ) can be found in
which the derivatives of the dependent variables become
separable. The solutions desired are such that

x@, n) = A@)f(n) (16a)
u(z, 1) = u(e)f'(n) (16b)
H(, ) = Hey(n) (16¢)
Vi, 7)) = YVi(@)ay) (16d)
where
V=Y. G=12...,8 (17a)

for the frozen flow case, and

v,=7, k=1,2...,€ (17b)
for the equilibrium flow case. The transformation required
is determined from the necessary conditions that must be
imposed in order to reduce the governing system of equa-
tions to a one-parameter system. Consistent with this ap-
proach, it can be shown that the equations reduce to the de-
sired form by utilizing a change of variables given by

2 ©
£ = ILZ(.x_) = fo prutudre (18a)
Pelle yp
n= (28) 12 fO ;g dy (180)

and by assuming unit values of Prandt]l number and Lewis
numbers, constant element and species mass fractions ex-
ternal to the mixing region, and

C = pu/p*p* =1 (19)

where the starred quantities are evaluated at an appropriate
reference state. As a result, the governing system of equa-
tions becomes

77"+ " = (2&/ue)(du./dE)(f'* — E) (20)

g+ =0 @1)

z" + fa’ =0 (22)

where the primes denote differentiation with respect to the

similarity variable y and B = p,/p. It is evident from Egs.

t Tabulated values of K,,(T) are available for most of the
equilibrium reactions of interest to the problem at hand.
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(21) and (22) that a Crocco-type integral relation exists
between ¢ and z; provided their boundary conditions are
compatible.

The solution of these equations depends on the specification
of the coupling existing between the density ratio R, the
velocity ratio f’, and the stagnation enthalpy ratio g. In
general, no simple relationship is available which specifies
this mutual dependence other than for a single-component
perfeet gas. As a result, it becomes necessary to introduce
empirical relations that approximately specify the actual cou-
pling of these flow quantities.’? 13 In the spirit of Hayes'?
and of Hayes and Probstein,** it will be assumed that, in
general,

Rz, n) = ) — n@)[f*(n) — o] (23)

where

o) = A+ (1 — Né() (24)

When similar profiles are sought, however, the density ratio
R must only be a function of the similarity variable, thereby
requiring a constant value for %, The constants A and x are
determined by matching the density to its actual value at
different points across the mixing layer. Since Eq. (23) is
automatically satisfied at the outer edge of the layer (¢, =
1), it must be fitted at two additional points in the mixing
region in order that both A and » can be evaluated. If the
matching points are taken to be the inner boundary (y —
— o) and the axis of the mixing region (y = 0), there resultsi
_ B = fi")(ge — fo') — (Ro = fo'(gi — fi"?

M= B =0 =50 = Re—H0 =5

Bo — f'HU — gi) — (B, — fi'"H({1 — go)
n = = (26
=m0 —g) — (0 —F0 —g) 20
In addition to the usual boundary conditions associated
with the problem at hand, i.e.,

=1 =0
¢—1 ¢’ —0 (27)
z;— 1 z' =0

as n— 4 o (y— 4+ «)and
=1 fr—=20
b ¢ ¢ —0 (28)
2 —> Zij 2! =0

as g &> — oy — — ), it is required that the pressure
gradient be the same above and below the mixing layer.
This is a natural condition that arises because of the bound-
ary-layer approximations inherent in the equations used to
describe the fluid motion within the mixing region. As a
result,

pette{du./dz) = pyu;{du;/dr) (29)
or
R, =fi"*= ¢, (30)

Consideration of this condition, together with Eqs. (23) and
(24), reduces Eqgs. (25) and (26) to

g =i
V=P 31)

By — fo'?
=2 J9 2
T g — £ ©2)

1 It should be noted that, for a single-component perfect gas,
Eqgs. (25) and (26) become X = 0 and « = He/he, respectively.
As a result, Eq. (23) reduces to the well-known perfect gas rela-
tionship of (pe/p) — 2 = (He/he)(f'* — g).
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and the governing system of equations for similarity to
"= Bt — #) (33)
¢" +f¢' =0 (34)
with
1
1 =5

specifying the solutions of the species equations.

[(ze; — £ + (1 — z:) @] (35)

Z2i =

Inverse Transformation to Physical Plane

The density ratio R is evaluated from the equation of state
once the temperature ratio is determined from the enthalpy-
velocity relation

h hi  H, o L
E=;Y¢E=E[>\+(l—>\)¢—f]+f2 (36)

since h; = h;(T). A convenient analytic representation for
h: = hi(T) is introduced in the form

hy = C;T* 37

where C; and n are constants selected to best represent the
exact Ay = hi(T) function in the temperature range of in-
terest to the problem at hand. Consequently, it follows that

hi/hie = (T/T)" (38)
which, when utilized in Eq. (36), yields

T [x + (1 =N — aﬂf’?]l/n
T, h 2 Yie(Yi/Yiz) (hh/He)

(39)

with
i = u2/2H,
It is evident from Eq. (39) that additional requirements are
necessary for similarity of solutions, §i.e.,
.2 = const — 1 hio/H, = const

Accordingly, from the equation of state, there results for the
density ratio

. [x +0— N — uf]/
- = Yie(Yi/Yia) (hia/Hc)

Z2(Y/Yi)(Yie/ W)
[y ] o

since the molecular weight is given by
1 Y
= = i 41
W z;: W, (4D

Equation (40), when evaluated at 5 = 0, yields the density
ratio Ry required to determine s from Eq. (32).

Since sat-isfaction of the pressure gradient condition re-
quires that R; = f;'%, the stagnation enthalpy ratio at the
inner boundary (77 — — ) cannot be arbitrarily chosen but
must satisfy the relation

W
As a result, Eq. (23) together with FEqgs. (31) and (32), is
equivalent to the equation of state as expressed by Bq. (40).
Since Eq. (23) satisfies the equation of state and matches

exactly the proper density behavior at the outer boundary,
the axis of the mixing region and at the inner boundary, it

§ These assumptions imply the existence of local similarity
where the external conditions are assumed to be slowly varying
functions of the streamwise coordinate.
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Fig. 2a Velocity profiles vs
similarity parameter g (f;’ =

Fig. 2b Shear function vs
similarity parameter y (f/ =
0.20).

6 4 2 0 2 4%

is felt that it should yield a fairly good representation of the
actual density distribution across the mixing layer.

It should be indicated that, for the zero pressure gradient
case, only the solution f’(y) need be considered from this
analysis. The functions g(n) and z;() for that case can be
obtained as Crocco-type integrals of f'(n).

For the frozen flow case, the species mass fractions result
directly from the solution of Eqs. (33-35) since, for this case,
zi = Yi/Yi. With f'(9), ¢(y), and z:(n) known, the other
flow property ratios of interest, namely, (h/h.), (T/T.),
and (p./p) are determined from Kqs. (36, 39, and 40),
respectively. Since the normal coordinate in the physieal
plane is related to n by

<2£)”2[ f édy + (1 — f f'zdn] (42)

Pelle

the transformation of the forementioned flow property ratios
to the physical plane is completely specified once § is deter-
mined from Eq. (18). It is to be noted that the reference
value¥ p*u* should be selected to correspond to an average
value of this product across the mixing region.

When the equilibrium flow case is considered, Eq. (35)
yields the element mass fractions for each of the e elements
comprising the various species of the system since for this
case z; = z = Y/ ¥1.. The species mass fractions, together
with the temperature for this particular case, are evaluated
from the simultaneous solution of Eqs. (10, 14, and 39), which
comprise a system of (s 4+ 1) equations in (s + 1) unknowns.
Once these flow properties are evaluated, the transformation
to the physical plane proceeds along the lines outlined for
the frozen flow case.

In Ref. 5, it was pointed out that the equilibrium behavior
for temperatures of interest in supersonic combustion can be
approximated by considering a flame-sheet combustion
model. This model is based on the low-speed diffusion

¥ An accurate description of the reference conditions would
involve an analysis of the type presented in Refs. 15 and 16.
In practical applications, however, it would probably suffice to
use the centerline values.
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2W3Y13
Y. =
Y= W T @y WO 4D
Ve
Yi = & (48)

Fig. 3a Stagnation en-
thalpy function vs similarity
parameter 7 (f/ = 0.20).

Fig. 3b Gradient of stagna-
tion enthalpy function vs
similarity parameter i

fy = 0.20),

—é -4 -2 O 2 4 6

flame concept applied to high-speed flows. The assumptions
made are that the reaction zone is of zero thickness and that
the reacting species burn instantaneously upon reaching the
sheet. The first assumption reduces the reaction zone to a
surface that acts as a sink for the reacting species and as a
source for the combustion products. The second assumption
implies that the concentrations of the reactants at the sheet
must be zero. This requires that the reactants diffuse toward
the sheet in the stoichiometric ratio so that no species can
diffuse across the sheet to react with those on the other side.
These assumptions are justified provided the reaction rates
are very large compared to the diffusion velocities of the
species toward the sheet.

If the hydrogen-air combustion system is considered as a
typical reaction involving fuel and oxidizer, the only sig-
nificant product at equilibrium conditions and low static
temperatures will be water in gaseous form with nitrogen
behaving as an inert dilutant.® For the particular combus-
tion model assumed, 1;, the mass rate term, is zero every-
where except at the flame sheet where

Y1=Y2=O
(43)
Y+ Y, =1

The subscripts ¢ = 1, 2, 8, and 4 taken here refer to molecular
oxygen, hydrogen, water in gaseous form, and nitrogen,
respectively. By considering the element mass fractions
at the sheet, there result from Eqs. (10) and (35)

_ Yi(é, — fi'%)

Yip = oW, Yas 17 (44)
> Weo, (A —¢5
Y =y, Yy = a=4% (45)
which, together with Eq. (43), yield
% 8

14+ W/,

(14 @Wy/W)Y,.]

The velocity ratio at the flame sheet ;' and its location in
the transformed plane n, can be determined from the basic
solution ¢ = ¢(n), for the respective B8, once ¢, is evalu-
ated. The shape and location of the flame sheet in the
physical plane follows directly by applying Eq. (42).

Method of Solution and Results

The solution of the governing nonlinear equations, i.e.,
Egs. (33) and (34), subject to boundary conditions (27) and
(28), is accomplished by the methods of finite-differences
and linear corrections. The differential equations are ap-
proximated by central differences at discrete lattice points
and result in

Joss = 3fus + 3fa — fana

(B *
<fn + fn+l><fn+2 - fn+1 - fn + fn—l) _
2 2(An)? B

B[(fmuA; fn)2 _ (¢>n+12+ ¢n)] (49)

¢n+1 - 2¢n + ¢n—1
(An)*

<¢ﬂ+l - ¢n—1) _

+ fu %An

0 (50)
The boundary conditions at 4« are replaced by finite-

102 (f
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Fig. 4a Velocity profiles vs 82
similarity parameter n (f// = 44
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70
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Fig. 4b Shear function vs
similarity parameter 4 (f; =
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Fig. 5a Stagnation enthalpy
function vs similarity param-
eter 1 (f;7 = 0.60).

Fig. 5b Gradient of stagna-
tion enthalpy function vs
similarity parameter y (f; =

% -4 -2 0 2 4 8"

difference conditions at the lattice points +N and —N. As
a result, the boundary conditions considered become

Jown —fn = fi'An

Jo =0

N—fxa =49 (51)
¢-n = f,"?

¢x =1

The entire system consists of 4N + 2 equations; 2N — 2
equations of type (49) forn = —N + 1to N — 2; 2N — 1
equations of type (50) forn = —N + 1to N — 1; and
the 5 boundary conditions given by (51).

This system of nonlinear equations is solved iteratively by
the method of linear corrections by replacing f and ¢ in
(49-51) by

f=7+7 o=¢t+¢
The quantities f and & are approximations to the solution,
whereas f and @ are first-order correction terms of which higher-
order terms are neglected. The resulting linear system of
equations in f and &, obtained in this manner, can be solved
by matrix algebra for each set of 8 and f;’ values selected.

Solutions of Egs. (33) and (34), obtained by this method,
have been tabulated in Ref. 9 for a range of f;" and 8 values
of interest. Various proﬁles of interest, obtained from these
solutions, are presented in Figs. 2a—5b for fi’ = 0.2 and 0.6.
It should be noted that only for 8 < 4 1 do real solutions
to the differential equations exist. Larger values of the
pressure gradient parameter correspond to imaginary
solutions.

From Figs. 2a-5b it can be seen that the pressure gradient
has only a small effect on the velocity profile and almost a

" COMBUSTIOR EXIT
EXHAUST
——NOZZLE
—OUTER BOUNDARY Fig. 6 Schematic rep-

OF MIXING REGION .
\ resentation of example
COWL SHOCK case.

INNER BOUNDARY
OF MIXING REGION—/

INVISCID SLIP LINE —

\
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Table 1 Species mass fractions extenal to mixing region

Y’ij Y’[a
OH 0 0.0052
O, 0.232 0.0071
H:0 0 0.2382
H, 0 0.0014
NO 0 0.0031
N, 0.768 0.7445

negligible effect on the profile of the enthalpy parameter
¢(y). These results indicate that local similarity, as as-
sumed in this analysis, is a valid assumption since the profiles
of interest will be very close to the similar profiles correspond-
ing to constant values of 8, %2, and A;,/H,. Under these
conditions, it would be expected that an equation of the-
type given by Eq. (23) would yield fairly good results.

Indications are from Fig. 4a that the most severe changes
in the profiles occur for the larger adverse pressure gradients.
In particular, it can be seen from this figure that, at 8 =
—0.4, the velocity profile varies drastically from the other
profiles and exhibits a velocity reduction at the lower bound-
ary similar to that of a separated boundary layer.

Numerical Example

In order to illustrate the applicability of the present
analysis, an example calculation was performed for the case
of hydrogen-air combustion products exhausting into an
ambient air stream. The calculations were done for 8 = 0,
assuming frozen flow in the mixing region. The initial condi-
tions prior to mixing, which correspond to the exit condi-
tions of a hydrogen-burning vehicle flying at M. = 8.5 and
97,000 ft, were obtained from a separate analysis. Using
the notation of Fig. 6, the conditions are as follows:

p; = 2.290 X 10~*slugs/{t3
5840 fps
= (.457 atm

1355°K

1400 Btu/#

1.121 X 107 slugs/ft3
8340 fps

2335°K

3360 Btu/#

whereas the mass fractions are given in Table 1.

The results of this calculation are presented in Figs. 7 and
8 where R, T/T., g, f', and Y, for the various species are
plotted as functions of . For this particular case, A =

TS F P mNaE s
I

40

Fig. 7 Variation of flow

parameters across mix-

ing region for example
case.
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—0.1537 and » = 3.143 for a value of n = 1.11. This value
of the exponent used in Eq. (37) proved to be a very good
fit to the actual variation of A: with temperature in the tem-
perature range of interest. It should be noted that the mass
fraction of N, has not been included in Fig. 8 since its profile
is fairly uniform varying from 0.7445 to 0.768. Since the
streamwise pressure was assumed constant, £ varies as x and
7 as y/(x)¥2. Consequently, the boundaries of the mixing
region will grow as 21/2,

Conclusions

A theoretical analysis has been presented for the com-
pressible two-dimensional mixing of two reacting gases sub-
jected to a streamwise pressure gradient. The analysis is
applicable to both limiting cases of frozen or equilibrium
flows under the assumptions of unit Prandtl and Lewis
numbers. An empirical law for the gas behavior within the
mixing region is assumed which matches the proper density
values at points across the shear layer. Within the frame-
work of these assumptions, similar solutions have been ob-
tained for various values of the velocity ratio f;’ and pressure
gradient parameter (3.

The numerical solutions to the governing equations were
obtained by the utilization of an iterative procedure involv-
ing both the methods of finite-differences and linear correc-
tions. TFor the sake of brevity, only some of the plots of the
various profiles have been presented. A complete tabulation
of these functions can be found in Ref. 9.

A numerical example of the analysis is presented for the
frozen flow mixing of combustion products, issuing from the
exhaust nozzle of a hypersonic hydrogen burning vehicle,
with the ambient air stream. The particular case con-
sidered corresponds to a freestream Mach number of 8.5
and an altitude of 97,000 ft. The results indicate very well-
behaved profiles for the flow parameters of interest and a
partial check of Eq. (23), since the computed density ratio
distribution checked both the equation of state and the
empirical relation. A true measure of the adequacy of this
relationship, however, can only be determined from experi-
mental verification.

References

1 Ferri, A., ‘“Possible directions of future research in air-
breathing engines,” Combustion and Propulsion, Fourth AGARD
Colloguium (Pergamon Press, London, 1961), pp. 3-15.

2 Marble, F. E. and Adamson, T. C., “Ignition and com-
bustion in a laminar mixing zone,” Jet Propulsion 24, 85-94
(1954).

3 Dooley, D. A., “Combustion in laminar mixing regions and
boundary layers,” California Institute of Technology, Jet
Propulsion Lab. Memo. 20-151 (June 1, 1956).

4 Bloom, M. H. and Steiger, M. H., “Initial results of a study
of symmetric and axisymmetric viscous reacting wake flow,”
Polytechnic Institute of Brooklyn, Aerospace Lab. Rept. 554
(1960).

5 Libby, P. A. and Schetz, J. A. “Approximate analysis of
slot injection of a reactive gas in laminar flow,” AIAA J. 1,
1056-1061 (1963).

LAMINAR MIXING OF REACTIVE GASES 1409

Fig.8a Mass fraction varia-

tion of O, and H;O across

mixing region for example
case.

40
30
20

1.0
Fig. 8b Mass fraction

variation of H:, NO, and 5,
OH across mixing region
for example case. -10 J

-20 B i

=30 F

Y Y S B A . .

001 002 003 004 005 .006&

6 Lewis, J. A. and Carrier, G. F., “Some remarks on the flat
plate boundary layer,” Quart. Appl. Math. 7, 228-234 (1949).

7 Libby, P. A., “Theoretical analysis of turbulent mixing of
reactive gases with application to supersonic combustion of
hydrogen,” ARS J. 32, 388-396 (1962).

8 Vasiliu, J., “Turbulent mixing of a rocket exhaust jet with a
supersonic stream including chemical reactions,” J. Aerospace Sci.
29,1928 (1962).

9 Casaccio, A., “Similar solutions for the turbulent compres-
sible mixing of two streams with streamwise pressure gradient,”
Republic Aviation Corp. Rept. RAC 882A (March 1963).

10 Napolitano, L., “Similar solutions in compressible laminar
free mixing problems,” J. Aeronaut. Sci. 23, 389-390 (1956 ).

11 Lees, L., “Convective heat transfer with mass addition and
chemical reactions,” Combustion and Propulsion, Third AGARD-
Colloguium (Pergamon Press, New York, 1958), pp. 451-498.

12 Fay, J. A. and Riddell, F. R., “Theory of stagnation point.
heat transfer in dissociated air,”’ J. Aerospace Sci. 25, 73-85
(1958).

13 Hayes, W. D., “On laminar boundary layers with heat.
transfer,” Jet Propulsion 26, 270-274 (1956).

14 Hayes, W. D. and Probstein, R. F., Hypersonic Flow Theory
(Academic Press, New York, 1959), pp. 306-307.

% Knuth, E. 1., “A preliminary study on the use of reference
states in predicting transport rates in flows with chemical reac-
tions,” Intern. J. Heat Mass Transfer 6, 1083-1094 (1963).

1% Dorrance, W. H., Viscous Hypersonic Flow (McGraw-Hill
Book Co., Inc., New York, 1962), pp. 134-140.



